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Abstract: Bubble dynamics are associated with wide and important applications in cavitation erosion in many industrial systems, 
medical ultrasonics and underwater explosions. Two recent developments to this classical problem are reviewed in this paper. Firstly, 
computational studies on the problem have commonly been based on an incompressible fluid model. However, a bubble usually 
undergoes significantly damped oscillation due to the compressible effects. We model this phenomenon using weakly compressible 
theory and a modified boundary integral method. This model considers the energy loss due to shock waves emitted at minimum 
bubble volumes. Secondly, the computational studies so far have largely been concerned with the first-cycle of oscillation. However, 
a bubble usually oscillates for a few cycles before it breaks into much smaller ones. We model both the first- and second-cycles of 
oscillationand predict damped oscillations. Our computations correlate well with the experimental data. 
 




Bubble dynamics is a classical problem. Traditio- 
nal research into this topic has generally been associa- 
ted with the mechanism of cavitation erosion in many 
industrial systems, such as ship propellers, turbines, 
pipelines and cryogenic pumps[1-7]. These continue to 
remain important application areas and the challenge 
still stands, since cavitation erosion still presents a 
problem and its mechanism has not been fully elucida- 
ted[8]. 
Recent research on bubble dynamics is associa- 
ted with important medical applications, including ex- 
                                                                 




tracorporeal shock wave lithotripsy[9-11], tissue abla- 
ting (histotripsy)[12,13], and oncology and cardiology[14]. 
Erosion mechanisms of cavitation are widely utilised 
in ultrasound cavitation cleaningone of the most ef- 
fective cleaning processes for electrical and medical 
micro-devices[15]. 
Bubble dynamics is associated with shock waves 
at the start, subsequent growth and collapse of the bu- 
bble, and a high-speed liquid jet.The shock wave pro- 
pagates at a much smaller time scale than the bubble 
oscillation, so the two phenomena are usually mode- 
lled separately. The shock wave is modelled using a 
compressible model and the bubble dynamics are lar- 
gely modelled using an incompressible model. 
The inviscid model based on the boundary inte- 
gral method (BIM) is grid-free in the flow domain and 
has been widely used in bubble boundary interactions 
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for axisymmetric cases[16-26] and for three-dimensional 
configurations[27-36]. Bubble dynamics have also been 
simulated using domain approaches coupled with va- 
rious interface-capturing schemes based on the Euler 
equation or Navier-Stokes equations[37-51]. 
The separated modelling of the shock wave and 
bubble dynamics works only before the end of the co- 
llapse phase, when shock waves are often generated 
again by strong compression of the bubble content 
and/or jet impact. A significant part of the energy of 
the bubble system will be lost due to the generation 
and propagation of shock waves. As a result, the ma- 
ximum volume and oscillation period of the bubble 
are reduced significantly from the first-cycle of osci- 
llation to the second-cycle[52,53]. A compressible 
model has to be used to simulate both the shock wave 
and bubble dynamics at the end of collapse. 
The radial dynamics of spherical bubbles in com- 
pressible fluids have been studied extensively for 
many decades[54,55]. References [56] and [57] mode- 
led spherical bubble dynamics in a compressible li- 
quid by using matched asymptotic expansions. They 
proved the well-known Herring equation. Refserences 
[58-60] employed the doubly asymptotic approxima- 
tions for spherical bubble dynamics for both the exte- 
rnal liquid and the internal gas. 
We will model this phenomenon based on a wea- 
kly compressible theory[61,62], because the associated 
liquid flow is often associated with a low Mach num- 
ber. It has been confirmed from many experiments in 
the literature that the maximum velocity of a bounda- 
ry-induced bubble jet is lower than 200 m/s at normal 
ambient pressure[53]. 
We will study the multi-oscillations of bubble 
dynamics since in reality the oscillation usually takes 
at least a few cycles before the bubble breaks down 
into much smaller ones. Our compressible model pre- 
dicts the energy loss associated with the generation 
and propagation of shock waves at the end of collapse. 
The computational results of the bubble shapes corre- 




1. Mathematical modeling 
Consider gas bubble dynamics in an inviscid and 
compressible liquid. The maximum bubble radius mR  
is chosen as the reference length, the density   in 
the undisturbed liquid as the reference density. The re- 
ference pressure is = vp p p  , where p  is the 
hydrostatic pressure in the undisturbed liquid and vp  
is the partial pressure of vapour of the bubble. The re- 
ference velocity is thus obtained as = /U p  . 
We introduce non-dimensional quantities indicated by 
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where r  is the position vector, t  is the time,   is 
the velocity potential of the liquid and p  is the pre- 
ssure. The sound speed c  is normalised by its value 
c  in the undisturbed liquid. In the following discu- 
ssion we refer to dimensionless quantities unless spe- 
cified otherwise. 








                                        (2) 
 
which is assumed to be small in the present study. We 
assume that the flow associated with cavitation gas 
bubble dynamics is subsonic, more specifically, a 
weakly compressible flow with a low Mach number. 
There are strong pressure impulses as the bubble nears 
its minimum volume, which are characterised by an 
abrupt and large change in the pressure in the liquid. 
These strong pressure impulses are often termed as 
shock waves in the field of bubble dynamics. 
The liquid flow at a low Mach number is gove- 
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and the Bernoulli equation, 
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where = /mgR p    is the buoyancy parameter, 
and g  is the gravitational acceleration. 
We divide the fluid domain into two regions: the 
inner region near the bubble where ( , , ) = ( )mx y z O R  
and the outer region far away from the bubble where 
( , , ) = ( )x y z O c T . 
Using matched asymptotic expansions, the outer 
solution to second order satisfying the wave equation 
can be found analytically as follows, 
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where *= /( ) =r r c T r  and 0 *( )m t  is the negative 
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* * = ( )O                                  (6a) 
 
The kinematic material boundary condition on 












 on S                   (6b) 
 
The dynamic condition on the bubble surface can 
be expressed using the Bernoulli equation, 
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   
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n  on S         (7) 
 
0* 0= /g gp p p  is the initial partial pressure of the 
non-condensable gas content of the bubble, *V  is the 
bubble volume and 0*V  is its initial value, and   is 
the ratio of the specific heats of the gas content, * n  
provides the surface curvature and * = /( )mR p    is 
the surface tension coefficient. We assumed in Eq.(7) 
that the expansion and contraction of the bubble gas is 
adiabatic. 
The far field boundary condition of the inner so- 
lution is obtained by matching the outer solution as fo- 
llows 
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= 0n z                                 (8b) 
 
where   is the dimensionless standoff distance of the 
bubble from the boundary, defined a = / ms R . 
The initial boundary condition on the spherical 
bubble is given as follows, 
* *
* *=0 =0
=n tt tR   on * 0*=r R                (8c) 
 
Examining the initial and boundary problem of 
(6), one can see that the compressible effects appear 
only in the far field condition (8a). 
 
 
2. Numerical modelling 
To solve the initial boundary problem (6 and 8) 
using the usual boundary integral method[63], we make 












                          (9) 
 
Substituting (9) into (6 and 8) yields 
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= (0)n tt R   on * 0*=r R                (10f) 
 
Because   satisfies Laplace’s Eq.(10a), its solu- 
tion may be represented in terms of a boundary inte- 
gral on the bubble surface S  when the flow domain 
is in a singly-connected form as follows,  
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q r q
r q q q (11) 
 
where  ( , )t  r  is the solid angle at the field point r  
at the time *t , under which the liquid domain is vie- 
wed from the field point r . The solution (11) also 
satisfies the condition on the rigid boundary (10d) and 
the far field condition (10e). 
At each time step, we have a known bubble sur- 
face S  and a known potential distribution   on the 
bubble surface. With this information we can calculate 
the tangential velocity on the bubble surface. The nor- 
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mal velocity on the bubble surface is obtained after 
solving the boundary integral Eq.(11). The bubble 
shape and the potential distribution on it can be further 
updated by performing the Lagrangian time integra- 
tion to (10b) and (10c), respectively. The details on 
the numerical model using the BIM for the problem 
can be found in Refs.[63-65]. 
A high-speed liquid-jet often forms and subse- 
quently penetrates through the bubble for non-spheri- 
cal collapse. The liquid domain is then transformed 
from a singly-connected to a doubly-connected form, 
which results in non-uniqueness of the potential pro- 
blem (9). The doubly-connected domain can be made 
singly-connected by using a vortex sheet[66,67] or a bra- 
nch cut[68-70] modeled the dynamics of a bubble ring 
with a vortex ring inside, started with a circular cross- 
section. References [71,72] developed a vortex ring 
model from these earlier ideas to model the topologi- 
cal transition of a bubble and the subsequent toroidal 
bubble. The vortex ring model was used for modelling 
the toroidal bubble in this work since it avoids the 
treatment of the branch-cut or the vortex sheet. 
 
 
3. Comparisons of computations with experiments 
We carried out experiments[73] for bubble 
dynamics near a rigid boundary to validate the 
numerical model. Bubbles were generated using a 
focused laser pulse emitted from a Q-switched Nd, 
YAG laser system (LOTIS TII LS-2134UTF, 
wavelength 532 nm, pulse duration approximately   
6 ns). Bubble evolution was recorded using an 
Olympus (i-SPEED 3) high-speed camera at a frame 
rate of 100 000 frames per second (fps), while a high- 
power LED flashlight (WARSUN MX900, up to 900 














Fig.1 Comparison of the experiment (in the upper row) and the 
BIM computation (in the low row) for the bubble shapes 
for a cavitation bubble near a rigid boundary at =mR  
0.0015 m and = 1.0 , from the start of jet formation to 
jet impact 
 
Figure 1 compares the computation with experi- 
ment for bubble dynamics at = 0.0015 mmR  and 
= 1.0 , near a rigid wall (below the bubble in the 
figure). The bubble shapes of the experiment are 
shown in the upper row and the numerical results 
shown in the lower row, along with the velocity field 
of the liquid flow. They agree well until the end of the 
collapse phase. A liquid jet develops close to the end 
of collapse and the jet velocity increases with time. 
The maximum jet velocity calculated at the instant of 
impact is 81 m/s, which is within the range of experi- 
mental results from 77 m/s-114 m/s reported by 
Ref.[53]. After the jet impacts the opposite bubble 
wall, a toroidal bubble is formed as shown in the last 





































Fig.2 Comparison of the experiment (in the upper row) and the 
BIM computation (in the low row) for the bubble shapes 
for a cavitation bubble near a rigid boundary at =mR  
0.0015 m and = 2.0  
 
Figure 2 compares the results between the com- 
putation and experiment immediately before and after 
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jet impact for a cavitation bubble near a rigid boun- 
dary at = 0.0015 mmR  and = 2.0 . Before jet impact, 
the liquid flow velocity along the axis of symmetry is 
directed towards the wall. However, after jet impact, a 
stagnation of the liquid flow forms within the jet tu- 
nnel and the velocity inside the jet tunnel exhibits two 
different directions. The liquid above the stagnation 
flows upwards, which brings along the tiny-bubbles 
formed at the interface between the jet and the bubble 
gas. This is believed to be the cause of the counterjet. 
In the meantime the liquid down the stagnation flows 
downwards,causing the formation of a liquid “tail” in 
the lower part of the bubble. 
Figure 2(b) shows the liquid velocity fields im- 
mediately before and after the rejoining of the toroidal 
bubble respectively. Before rejoining, the stagnation 
point is associated with both up- and downward liquid 
flows inside the jet tunnel forming the counterjet and 
the bubble tail respectively. After rejoining, there is 






















Fig.3 Comparison of the time-evolution of the bubble equiva- 
lent radius eqR  for a bubble near a rigid wall at =mR  
0.002 m, = 2.45 . The initial conditions used for (1) 
and (2) are 0 = 0.0002 mR , 0 = 300 m/stR  and 0 =gp  
5 MPa. The initial conditions used for (3) and (4) are 
0 = 0.0004 mR , 0 = 0 m/stR  and 0 = 5 MPagp  
 
Figure 3 shows a comparison of the time-evolu- 
tion of the equivalent bubble radius eqR  among the 
compressible BIM, the incompressible BIM and the 
experiment[74] for a bubble near a rigid wall at =mR  
0.002 m, = 2.45 . This case was chosen as the expe- 
rimental results were available, measured directly 
using a digital version of the photographic series and 
image processing techniques[38]. The initial conditions 
for the compressible BIM are 0 = 0.0002 mR , 0 =tR  
300 m/s and 0 = 5 MPagp . Other parameters used for 
the calculation are 3= 1 000 kg/m , = 0.07 N/m , 
= 101 kPap  and = 2.98 kPavp . The compressible 
BIM predicts significant damping of oscillation of the 
bubble, its maximum radius and oscillation period re- 
duce about 25% from the first-cycle to the second- 
cycle of oscillation. There is about a 5% discrepancy 
between the results of the compressible BIM and the 
experiment. This may be due to the viscous effects 
and heat transfer neglected in the model and/or the 
measurement errors in the experiment. 
The result for the incompressible BIM was obtai- 
ned with the same initial conditions as the compressi- 
ble BIM. The first maximum radius of the bubble ob- 
tained with this model is about 20% larger than the 
experimental value, because the acoustic radiation to 
the far field due to the compressible effects at the 
early expansion phase was neglected in this model. 
This discrepancy can be corrected by setting the initial 
conditions for an incompressible model, such as the 
initial conditions used for the Rayleigh-Plesset equa- 
tion to be given later on. The initial conditions for the 
compressible model used here were to show the ene- 
rgy loss of a bubble system due to acoustic radiation 
during both the early expansion and around the end of 
the collapse phase, that is neglected in an incompre- 
ssible model. The oscillation amplitude and period are 
almost the same during the first two cycles of oscilla- 
tion since the compressible effects at the end of the 
collapse phase were neglected in the model. 
The compressible effects neglected at the start of 
the first-cycle of oscillation can be corrected for by 
adjusting the initial conditions as shown in the result 
using the Rayleigh-Plesset equation for a spherical bu- 
bble in an infinite liquid with the initial conditions for 
the incompressible model: 0 = 0.0004 mR , 0 =tR    
0 m/s and 0 = 5.65 MPagp . However the bubble un- 
dergoes undamped oscillation in the model. 
Reference [38] calculated this case based on the 
incompressible Navier-Stokes equations with the vis- 
cosity coefficient for water chosen as 10−3 kg(ms)−1. 
Their model predicts well the radius evolution during 
the first-cycle of oscillation but does not predict the si- 
gnificant damped oscillation observed in the experi- 
ment. 
The compressible BIM successively predicts the 
acoustic radiation both at the beginning of the expan- 
sion phase and at the end of the collapse phase. Its ag- 
reement with the experiment indicates that the energy 
loss of a bubble system is primarily associated with 
















Fig.4 Comparison of the history of the bubble radius R  for a 
spherical bubble starting at 0 = 0.0002 mR , 0 =tR  
300 m/s and 0 = 5 MPagp  
 
Figure 4 compares the compressible BIM and the 
Keller equation for the radius history ( )R t  for a sp- 
herical bubble in an infinite liquid starting at 0 =R  
0.0002 m, 0 = 300 m/stR  and 0 = 5 MPagp . The com- 
pressible BIM agrees very well with the Keller equa- 
tion for more than three cycles of oscillation. This 
confirms that the compressible BIM predicts the com- 
pressible effects at the same level of accuracy as the 
Keller equation for a spherical bubble, which in fact 
are both valid to the first two orders of (1)O  and 
( )O  . The small difference should be due to the nu- 
merical errors in the BIM approach as well as the hi- 
gher order difference of 2( )O   between the two mo- 
dels. The first collapse we call the “principal collapse” 
is associated with the most significant energy being 
lost to the far field through acoustic radiation. The 
“principal collapse” is associated with a significant 
initial bubble wall velocity, a feature not present in 
subsequent rebounds as the bubble wall velocity is 
small at the beginning of rebounds[26]. 
 
 
4. Summary and conclusions 
Bubble dynamics are associated with generation 
of shock waves, a liquid jet and a vortex ring. The 
shock wave is a pressure impulse but the associated 
liquid flow is usually subsonic with a small Mach 
number. Weakly compressible theory is thus imple- 
mented for this phenomenon using the method of ma- 
tched asymptotic expansions in terms of the bubble- 
wall Mach number. As a result, the inner flow near the 
bubble is described by Laplace’s equation with the 
compressible effects appearing only in the far field 
condition. The problem is thus modelled approximate- 
ly using the boundary integral method. The toroidal 
bubble formed towards the end of the collapse phase 
is modelled using a vortex ring model. The computa- 
tion traces the repeated topological changes of the bu- 
bble from a singly-connected to a doubly-connected 
form, and vice versa. 
This theory models the energy loss due to shock 
waves emitted both at the beginning of expansion 
phase and at the end of the collapse phase. It thus pre- 
dicts the significantly damped oscillation, where both 
the maximum bubble radius and oscillation period are 
reduced significantly from the first- to second-cycles 
of oscillation. The computational results of the bubble 
shapes correlate well with the experimental data to the 
end of the second-cycle of oscillation for a bubble ini- 
tiated at various distances from the rigid boundary. 
Our computations have revealed a possible me- 
chanism for a counter-jet formed for a bubble colla- 
psing near a rigid wall at some standoff distance. 
After jet impact the opposite bubble wall the jet pene- 
trates through the bubble. A stagnation of the liquid 
flow may form within the jet tunnel and the liquid ve- 
locity inside the jet tunnel exhibit two different dire- 
ctions. The liquid on the side of the stagnation away 
from the wall flows away from the wall, which brings 
tiny-bubbles formed at the interface between the li- 
quid jet and the bubble gas. The numerical results thus 
suggested that the counterjet is formed by the stagna- 
tion, the associated high pressure zone and the back- 
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